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Abstract: Effects of steric obstruction on random flight chains are examined. Spatial probability distributions
are elaborated to calculate residual dipolar couplings and residual chemical shift anisotropy, parameters
that are acquired by NMR spectroscopy from solutes dissolved in dilute liquid crystals. Calculations yield
chain length and residue position-dependent values in good agreement with simulations to provide
understanding of recently acquired data from denatured proteins.

Introduction

Residual dipolar couplings (RDCs) acquired by NMR spec-
troscopy provide valuable structural information on biological
macromolecules.1 RDCs have been used in structure determi-
nation and refinement as well as in assembling protein models
from peptide fragments2 and building macromolecular complex
from known subunits.3 Residual dipolar couplings arise from
the anisotropic molecular tumbling that can be enhanced by
liquid crystal particles or axial matrixes.4 RDCs depend on the
average orientation, i.e.,〈P2(cos θ)〉 ) (3〈cos2 θ〉 - 1)/2, of
the internuclear vector with respect to the magnetic field.
Likewise, chemical shifts depend on〈P2〉 of the shielding tensor.5

The enhancement of alignment by obstruction is a well-
understood phenomenon for rigid macromolecules, e.g., folded
proteins.6-8

Recently, RDCs were measured from denatured proteins.9

However, interpretations remained controversial, and conclu-

sions about topology and spatial properties of the denatured
ensemble were counterintuitive.9 The data were even seen to
support certain folding models.10 It was implicitly assumed that
a fully denatured protein would give zero RDCs per se. How-
ever, this assumption ignores classical results about random
flight chains. Kuhn already had pointed out long ago that various
segments of a random flight chain are not distributed spherically
relative to the end-to-end displacement axis.11 Nagai calculated
the average orientation of a segment relative to the end-to-end
direction,12 and Solc and Stockmayer worked further to show
that an instantaneous chain conformation departs from the
spherical symmetry,13 although the long time average is spheri-
cally symmetrical about the molecular center of mass. Fixman
proceeded to compute radii of gyration for random flight chains
of various lengths,14 and Forsman and Hughes extended this to
include chains in the vicinity of an interface.15 In this paper,
we calculate RDCs for a random flight chain from the first
principles. With the proper understanding gained from these
results, the unique power of RDCs as well as residual chemical
shift anisotropy (RCSA) can be properly exploited to probe
various loci along the chain.

Calculations

Our objective was to calculate residual dipolar couplings for flexible
molecules, i.e., polymers without a definite shape (Figure 1). To show
that the mere structure of a chain will cause nonvanishing RDCs, we
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employ a simple model, the random flight chain. The results serve to
show how RDCs originate from the structure of a chain. Undoubtedly,
natural polypeptides display details beyond this simplification. To begin
with, we formulate spatial distributions for an ensemble of conformers
under the assumption that no conformational changes are induced by
the obstruction itself, and then we proceed to calculate the average
orientation of each segment in the chain.

For a given locusi in a chain that consists ofN + 1 segments there
aren segments beforei andN - n segments afteri. Therefore, when
viewed from the locusi the spatial probability distribution functionW
also contains two parts:Wn andWN-n. The local viewpoint is justified
because RDC is a local probe, not a whole-chain average. We chose
the magnetic fieldBo as well as the normal of the obstructing plane a-
long thez-direction. This geometry corresponds to the case where the
directorn of the medium is parallel toBo. For the other stable liquid
crystal condition, i.e.,n ⊥ Bo, the outcome of the following calculation
scales by a factor of-1/2. Axial matrixes can be oriented to any
direction, e.g., along the magic angle to suppress dipolar contribution.

Proteins are often modeled as valence chains to account for the steric
hindrance between residues. By introducing the concept of statistical
element, any valence chain that is sufficiently long can be described
by a Gaussian chain, i.e., a random flight chain. For proteins, one
statistical element will encompass at least several residues. The precise
number depends on the amino acid sequence. Therefore, our interest
is on rather short Gaussian chains. The appropriate starting point for
the calculation is the binominal distribution given by Chandrasekhar16

and denoted here asWfree. To ensure that the chain will not penetrate
into the barrier, the probability must vanish at the surface. To this end,
the effect of the barrier itself is modeled as a distributionWbar. The
distribution for the obstructed chain is then obtained asWobs ) Wfree -
Wbar.16 Furthermore, the position of each half-chain distribution depends
on the direction of segmenti placed in the origin. The direction of
segmenti is conveniently given by the spherical coordinates ofθ and
φ. According to the geometry in Figure 1, the two distributions, one

for each half chain, can be divided into the Cartesian base. The
distributions along thex- andy-direction are the familiar free binomial
distributions. The modulation on the position ofWn andWN-n in the
x,y-plane due toφ is inconsequential for the calculation of〈P2〉 from
the axial symmetric distributions. However, the modulation due toθ,
a deceptively tiny effect, is the sole source of the nonvanishing〈P2〉.
Hence, we proceed to consider only thez-part of the distribution, with
the aim of calculating〈P2〉 for every locusi in the chain (Figure 2).

As exemplified by Figure 2, the angleθ will affect the concentration
of various chain conformations. To facilitate the computation, we
replace the binomial distribution by an exponential distribution (eq 1).
For simplicity, we define the length of the segmentl to be unity.

We estimate the error done by substituting the binomial with the
exponential distribution by integrating the probabilities overz to give
Ibin andIexp. The relative errorε depends on the positioni in the chain
and is modulated byθ (Figure 3), but it remains small for every locus
even in the case of short chains of few elements close to the barrier. It
is instructive to realize that the error and the integrated values
themselves, is modulated byθ. At the chain terminus only the long
half chain will sense the obstruction, whereas for any other locus the
overall modulation is a weighted sum of the half-chain modulations.
At the central locus, equally long half chains experience the obstruction
to the same degree to give modulation by 2θ.

Residual Dipolar Coupling and Chemical Shift Anisotropy.
Consider two nuclei A and B in the segmenti separated by the
internuclear distancerAB. The residual dipolar couplingDAB for this
pair of nuclei is also proportional to the product of gyromagnetic ratios
γAγB and magnetic permeabilityµo, and Planck’s constant that are
included in a constant denoted as the maximal dipolar couplingDAB

max.
The vectorrAB is at an angleRAB with respect to the internal coordinate
system of the segment. As the chain is tumbling, the segment has an

Figure 1. Random flight conformer withN + 1 segments hovering above
an obstructing plane at heighthz. At locus i, placed at the origin, the chain
is partitioned to two half chains containingn andN - n segments each.
Residual dipolar couplings and chemical shift anisotropy are functions of
the average angleθ of i depicted here when the external magnetic field is
chosen to be parallel with thez-direction.

Figure 2. Random flight binomial distribution depicted for a nine-residue
chain (N + 1 ) 9) whenn ) 7 andN - n ) 1 in the vicinity of the barrier
(hz ) 2). When the segmenti at the origin has the orientationθ ) 0 (lowest
curve), the long half chain is at the closest to the barrier and is obstructed
most. Whenθ ) π (uppermost), the obstruction is at its minimum. The
curve forθ ) π/2 is also shown (middle).

Figure 3. The errorε ) (Iexp - Ibin)/Ibin as a function ofθ that is introduced
when replacing the obstructed binomial distribution by the obstructed
exponential distribution for a nine-residue chain (N + 1 ) 9) placed at the
distancehz ) 2 from the barrier (a) near the end of chain (n ) 7, N - n )
1) and (b) in the middle of the chain (n ) 4, N - n ) 4).
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instantaneous angleθ with respect to the magnetic fieldBo (Figure 1).
The distributionW governing the averaging of cos2 θ is a function of
the position of the segmenti in the chain, i.e., each segment has its
own 〈P2〉. Consequently, each segment has its own alignment tensorA
analogous to the molecular alignment tensor of a rigid molecule. In
general,A is not axially symmetric, but in our case rhombicity can be
disregarded because the distributions for the random flight chain are
axially symmetric. Therefore,DAB is proportional to the axial compo-
nentA|.

The expression for the frequency shift∆ωA of the nucleus A with
respect to the isotropic Larmor frequencyωo due to the molecular
alignment is analogous to that ofDAB:

where ∆σA is the difference between the axial and transverse
components of the shielding tensor andRA is the angle between the
shielding tensor’s long-axis andA|. In practice, the chemical shift
anisotropies for carbonyl and aromatic carbons as well as amide
nitrogens and phosphorus are large enough to give detectable effects.

The average of cos2 θ contained in the expression ofDAB and∆ωA

will be obtained by an integration over all angles and space weighted
by the distribution and normalized. It is convenient to replace cos2 θ
by c2 and the term sinθ dθ required for uniform sampling by dc. The
chain is confined at all positions alongzbetween two barriers separated
by the distanceL. Furthermore, the space is confined by the fact that
the segmenti in any chain cannot approach the barrier closer than 1/2|c|
without collision.

In principle, the space available to a finite chain should be partitioned
to a restricted volume where the fully extended chain can reach the
barrier to give〈c2〉 * 1/3 and to a free region where the chain cannot
reach the barrier to result in〈c2〉 ) 1/3.8 However, when using the
decaying exponential functions that in all cases will extend to the
barriers with a finite value, it is consistent to extend the integration
over the entire available space.

Results

The calculations through eqs 1 and 4 give〈P2〉, which can
then be used to calculateDAB and∆ωA via eqs 2 and 3 for any
particular choice of nuclei as a function of the segment position
n and chain lengthN (Figure 4).

The results are easy to rationalize. For longer chains,〈P2〉
will become smaller because the distributions of larger number
of uncorrelated chain segments will become progressively more
spherical. For an infinitely long chain,〈P2〉 will approach zero.
It is important for the studies of proteins that polypeptides of
hundreds of residues, which are equivalent to chains containing
tens of Gaussian segments, will give an observable fraction of
DAB

max. For example, for the amide groupDNH
max ) 21.7 kHz,

resulting in few hertz couplings that are readily observable.
Likewise, ∆ωN’s for amides with∆σN ) -170 ppm17,18 are
expected to be obtained quantitatively. The dependence on the
segment position is understood similarly. The distribution
becomes increasingly spherical as the segment locus approachs
the chain termini, i.e., the long half chain begins to dominate
the distribution.

To validate our calculations, we constructed models of
random flight chains from segments of pseudo-atoms to simulate
RDCs. Gaussian chains were made simply by a random selection
of intersegmental angles. RDCs from large families, tens of
thousands conformers, were simulated using the program
PALES.7 The magnitude of the simulated values depends on
the nuclear pair in question (DNH

max ) 21.7 kHz,r ) 1.04 Å),
concentration of the bicelles (0.05 w/v), and their degree of
alignment (1.0). In the simulations, bicelles had their normals
perpendicular toBo. The simulated and calculated data were
comparable and display comparable values and show similar
overall dependence of RDC on the chain length and locus
position. Small differences at the chain termini may stem from
the fact that we used the exponential distribution rather than
the binomial distribution. It is also conceivable that the
differences could result from finite size effects in the simulations
compared with the infinitely thin segments used in the analytical
calculation.

Discussion

At first sight it may appear puzzling that a seemingly
structureless random flight chain would give nonvanishing
RDCs. The paradox is resolved by the realization that the
random flight chain has a structure: the structure ofa chain.
The segments are coupled and not free, e.g., as atoms of the
ideal gas. Furthermore, it may appear perplexing that the random
flight ensemble customarily described by a spherical distribution
will give nonvanishing averages ofP2. The dilemma is solved
by understanding that RDC or RCSA originates from individual
loci along the chain, not from the whole chain averages. For
any given locus the distribution is not spherical. In other words,
the parameters proportional to〈P2〉 are ensemble and time
averages for a particular locus but not averages over all loci,
unlike many other observables obtained by other means, e.g.,
radius of gyration. Finally, it may seem unexpected that a
Gaussian chain gives a dispersion of values superficially similar
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Figure 4. Calculated (left) and simulated (right) RDCs for an amide nuclear
pair parallel to the segment as a function of the segment position for random
flight chains withN ) 10, 20, 50, and 100. Bicelle concentration was 5%
(w/v).
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to powder patterns measured from rigid macromolecules.19 For
random flight chains the origin of dispersion is the locus-
dependentθ averaging, while any particular internuclear direc-
tion or shielding anisotropy is collinear with those in other loci,
i.e.,R is the same. In a well-defined three-dimensional structure,
the θ averaging is the same for every locus, that is to say, the
internuclear vectors share the same molecular alignment frame
and the source of the dispersion is theR sampling of directions
by internuclear vectors at the various loci.

RDC data published up to this date are in agreement with
our model. The magnitudes of measured couplings are compa-
rable with our predictions and simulations. RDCs should be
measured in similar conditions for chains of various lengths,
preferably homopolymers, to verify the chain length dependence
proposed by our model. The residue position dependence is a
small effect close to experimental precision. Even without
sequence-specific assignments of measured values to the specific
loci, the distribution ofDAB can reveal the characteristics of a

coil, i.e., the distribution is offset from zero. The position and
the width of distributions report of the spatial extent of the chain.

With this understanding, it seems most likely that the
nonvanishing RDCs of denatured proteins in recent studies in
fact originate from chainlike molecules without a defined three-
dimensional spatial organization or nativelike topology, contrary
to previous interpretations.9 Nevertheless, RDCs are informative
probes of residual structure above and beyond that of the
intrinsic structure of a chain. Once the characteristic random
coil values are subtracted from data, the genuine signatures of
residual structure become apparent. In this way, RDCs offer
unprecedented means to characterize ensembles of weakly
structured polypeptides and possibly even folding intermediates.

Acknowledgment. We are grateful to Dr. Gerhard Hummer
for informative discussions. This work has been supported by
the Academy of Finland, Structural Biology Program.

JA035427V

A R T I C L E S Louhivuori et al.

15650 J. AM. CHEM. SOC. 9 VOL. 125, NO. 50, 2003


